The intriguing concept of "anti-cloaking" has been recently introduced within the framework of transformation optics (TO), first as a "countermeasure" to invisibility-cloaking (i.e., to restore the scattering response of a cloaked target), and more recently in connection with "sensor invisibility" (i.e., to strongly reduce the scattering response while maintaining the field-sensing capabilities). In this paper, we extend our previous studies, which were limited to a two-dimensional cylindrical scenario, to the three-dimensional spherical case. More specifically, via a generalized (coordinate-mapped) Mie-series approach, we derive a general analytical full-wave solution pertaining to plane-wave-excited configurations featuring a spherical object surrounded by a TO-based invisibility cloak coupled via a vacuum layer to an anti-cloak, and explore the various interactions of interest. With a number of selected examples, we illustrate the cloaking and field-restoring capabilities of various configurations, highlighting similarities and differences with respect to the cylindrical case, with special emphasis on sensor-cloaking scenarios and ideas for approximate implementations that require the use of double-positive media only.
Introduction
During the past few years, there has been an increasingly renewed interest in the development of strategies for achieving invisibility ("cloaking") of objects to waves of various nature (electromagnetic, acoustic, biharmonic, etc.). Besides the fascinating mathematical and physical aspects of the phenomenological underpinnings, such interest is motivated by the potentially disruptive technological implications and applications to a vast variety of fields, ranging from camouflaging to non-invasive medical diagnostics.
In this framework, a broad distinction may be made between active and passive strategies. The first class of strategies is essentially based on the use of active sources for creating destructive interference in the region to be cloaked and reconstructing the signal elsewhere (see, e .g., [1] [2] [3] ), in a way that somehow resembles standard noise-cancelation techniques [4] . Conversely, the second class of strategies is based on the design of suitable material structures that, when placed around or nearby the object, may drastically suppress its near/far-field visibility (scattering). With specific reference to the electromagnetic (EM) case, prominent approaches belonging to this class include the scattering cancelation [5] [6] [7] , anomalous localized resonances [8] , transformation optics (TO) [9] [10] [11] [12] [13] [14] [15] , inverse design optical elements [16] , transmission lines [17, 18] , and mantle cloak [19] . The reader is referred to Refs. [20] and [21] for recent comparative studies.
Wave Motion 48 (2011) [455] [456] [457] [458] [459] [460] [461] [462] [463] [464] [465] [466] [467] In what follows, we will be mainly concerned with the TO-based approach, in which a suitable curved coordinate transformation (from a fictitious auxiliary space to the actual physical space) is designed so as to create a "hole," i.e., a region inaccessible to EM waves wherein an object can be concealed. Thanks to the co-variance properties of Maxwell's equations, the energy re-routing effects of such coordinate mapping can be equivalently obtained in a flat, Cartesian space filled by a suitable (inhomogeneous and anisotropic) "transformation medium," whose constitutive properties can be systematically derived from the Jacobian matrix of the transformation (see Refs. [9] [10] [11] [12] [13] [14] [15] for more details).
While the above TO-based cloaking concept can be intuitively understood in terms of the coordinate-mapping-induced ray bending properties of the transformation medium, its validity is by no means restricted to the asymptotic (high-frequency) rayoptical regime. In fact, it was shown in a number of analytical full-wave studies on canonical (cylindrical and spherical) geometries [22] [23] [24] [25] that, in the ideal limit (implying a lossless, non-dispersive, extreme-parameter transformation medium) a TO-based cloak generally provides complete isolation (i.e., no power exchange) between the inside and outside regions, at any frequency. Nevertheless, for the two-dimensional (2-D) cylindrical scenario, it was shown by Chen et al. [26] that, if the cloaked region contains a complementary-designed transformation medium, the cloaking effect can, in principle, be totally or partially compensated. Such effect was accordingly referred to as "anti-cloaking," and it was shown that a double-negative (DNG) transformation medium (i.e., with both permittivity and permeability parameters negative [27] ) was generally required for its implementation. Expanding upon this concept, we explored in Ref. [28] a more general scenario, with cloak and anti-cloak not necessarily contiguous, and the anti-cloak not necessarily DNG. From this study, it emerged that, besides the originally proposed cloaking "countermeasure" [26] , the anti-cloak concept could also find interesting applications to creating a multiply-connected cloaked region while still maintaining the possibility of sensing the outside field. In a more recent paper [29] , we revisited this concept, and contextualized it within the emerging framework of "sensor invisibility" that had been in parallel introduced [30] and explored in various configurations [31, 32] .
In this paper, we extend the above studies to the 3-D spherical scenario, of interest for more realistic applications. As for the cylindrical case, we use an analytical full-wave approach, based on the generalized Mie theory developed in Refs. [24] and [33] . Besides the inherent formal complications, our study reveals some interesting aspects and effects not emerged in our previous cylindrical studies, and also focuses on ideas for the implementation of approximate anti-cloaking effects which involve only double-positive (DPS) media (i.e., with both permittivity and permeability parameters positive). Such ideas for implementation, already successfully explored in 2-D square configurations [34] , would remove the most significant fabrication challenges.
Accordingly, the rest of the paper is laid out as follows. In Section 2, we introduce the problem geometry and outline its formulation. In Section 3, with reference to the time-harmonic plane-wave scattering, we illustrate the general analytical solution, and subsequently particularize it to the various scenarios of interest. In Section 4, we present and discuss some representative numerical results. Finally, in Section 5, we provide some brief concluding remarks and hints for future research.
Problem geometry and formulation
In parallel with Refs. [28] and [29] , we start from a fictitious auxiliary space (x′, y′, z′) (illustrated in Fig. 1(a) ), containing a twolayer piecewise-homogeneous, isotropic spherical configuration, immersed in vacuum, which, in the associated spherical (r′, θ′, ϕ′) reference system, may be parameterized by the permittivity and permeability distributions
where ε 0 and μ 0 denote the vacuum dielectric permittivity and magnetic permeability, respectively. By applying to this configuration the piecewise linear radial (in the associated (r, θ, ϕ) spherical reference system) coordinate transformation (see Fig. 1(b) )
we finally obtain a four-layer spherical configuration in the actual physical space (x, y, z) (see Fig. 1(c) ). Such configuration constitutes the 3-D spherical generalization of the cylindrical scenario in Refs. [28] and [29] , and comprises a homogeneous, isotropic sphere (of radius R 1 and constitutive parameters ε 1 , μ 1 ) surrounded by an anti-cloak shell (R 1 b r b R 2 ) with constitutive parameters opposite in sign to ε 2 , μ 2 , a vacuum gap (R 2 b r b R 3 ), and an outermost cloak shell (R 3 b r b R 4 ), all immersed in vacuum. The cloak and anti-cloak constitutive-tensor-components (in spherical coordinates) may systematically be derived from Eqs. (1) and (2) as (see Refs. [11, 24, 33] for details)
Here, and henceforth, an overdot indicates differentiation with respect to the argument. Moreover, as in Refs. [28] and [29] , the vanishingly small parameters Δ 2 and Δ 3 in Eq. (2) parameterize the departure from the ideal (i.e., no parameter truncation) configurations.
Note that our configuration here differs from that in Ref. [26] for the possible presence of the vacuum gap separating the cloak and anti-cloak, and also for the constitutive properties of the fictitious auxiliary space which, in our case, yield an intrinsically matched anti-cloak, not aimed at restoring the scattering response of the inner sphere.
As for the cylindrical case in Refs. [28] and [29] , we expect to be able to suitably tailor (via the small parameters Δ 2 and Δ 3 ) the competing cloak/anti-cloak effects so as to create an effectively cloaked region in the vacuum gap R 2 b r b R 3 , while still being able to restore a non-negligible field in the inner spherical region r b R 1 . However, by comparison with the cylindrical scenario in Refs. [28] a and [29] , some differences appear in the presence of the additional parameters ε 2 , μ 2 , R′ 1 . In particular, it can be observed from Eq. (2) and Fig. 1 3) where such parameters will be exploited as extra degrees of freedom, we will be assuming ε 2 = ε 1 , μ 2 = μ 2 , R′ 1 = R 1 , thereby recovering the formal structure in Refs. [28] and [29] . Another important difference is in the variation ranges of the constitutive parameters. For the cloak shell (always DPS), it can readily be shown that
and therefore only the radial component is inhomogeneous, ranging from near-zero (as Δ 3 → 0) to finite values. Formally analogous results (by replacing ε with μ) are obtained for the permeability components. Similar considerations hold in absolutevalue for the anti-cloak shell too, viz.,
but the sign of the constitutive parameters depend on those of ε 2 , μ 2 .
In what follows, we study the EM response of the four-layer spherical cloak/anti-cloak configuration in Fig. 1 (c) to a timeharmonic [exp(− iωt)] plane wave with unit-amplitude x-directed electric field, impinging from the positive z-direction,
where k 0 = ω ffiffiffiffiffiffiffiffiffi ffi ε 0 μ 0 p = 2π = λ 0 denotes the vacuum wavenumber (with λ 0 being the corresponding wavelength). In Eq. (6), and henceforth, boldface symbols identify vector quantities, and û α denotes an α-directed unit vector.
Analytical derivations

General solution
Our general analytical full-wave solution is based on the generalized (coordinate-mapped) Mie-series approach proposed in Refs. [24] and [33] . First, it is expedient to split the impinging plane wave in Eq. (6) as the sum of transverse electric (TE) and magnetic (TM) components,
which can be in turn represented in terms of scalar Debye potentials:
admitting the following spherical harmonic expansion [35, Chap. 6] :
In Eq. (9) 
where the "dummy" parameters R 0 = 0 and R 5 = ∞ have been introduced for notational convenience. The constitutive tensors ε and μ are given in Eq. (3) for the cloak and anti-cloak layers, and reduce to the appropriate scalar quantities in the vacuum (R 2 b r b R 3 , r N R 4 ) and dielectric target (r b R 1 ) regions. Following Refs. [24] and [33] , the scalar Debye potentials in Eq. (10) can be expanded by mapping (via Eq. (2)) the straightforward Mie-series solution in the fictitious auxiliary space (plane-wave scattering by a two-layer piecewise-homogeneous, isotropic spherical configuration, cf. Fig. 1(a) ), viz., 
In Eq. (11), the Kronecker delta δ ν5 accounts for the presence of the incident field (cf. Eq. (9)) in the exterior vacuum region r N R 4 , while the unknown expansion coefficients a n, TE (ν) , b n, TE (ν) , a n, TM (ν) , andb n, TM (ν) need to be computed by enforcing the continuity/boundary conditions. In particular, one finds b n (1) =0 (field-finiteness condition at r =0) and b n (5) = − ia n (5) (radiation condition), irrespective of the TE/TM polarization. The tangential-field-continuity conditions at the four interfaces yield the remaining 16 (numerable infinities of) unknown coefficients in terms of two decoupled (TE/TM) 8 × 8 linear systems of equations, whose straightforward but cumbersome solutions are not reported here for brevity. Instead, as in Ref. [29] , we generally focus on their scaling laws (for Δ 2 , Δ 3 → 0), via the use of the asymptotic Landau notation O(⋅), neglecting irrelevant constants and higher-order terms. In what follows, for notational convenience, we also omit the TE/TM subfixes in those results that do not depend on the polarization state.
Standard configuration 3.2.1. Vacuum gap: cloaked region and imperfect field recovery
We start considering the case
which represents the direct generalization of the cylindrical scenario in Ref. [28] . In this case, the tangential-field continuity conditions at the interfaces r = R 1 and r = R 4 straightforwardly yield
whereas those at the remaining interfaces r = R 2 and r = R 3 are trickier, in view of the singular behavior exhibited by the RiccatiBessel functions of the second kind in the expansion (11) in the limit as Δ 2 , Δ 3 → 0 (i.e., ideal cloak and anti-cloak). Recalling the small-argument approximations of the Riccati-Bessel functions (cf. Eqs. (9.1.7) and (9.1.9) in Ref. [36] ),
with Γ denoting the Gamma function [36, Section 6.1], we obtain
Therefore, as for the cylindrical case [28, 29] , we find that for vanishingly small Δ 3 the coefficients pertaining to the field transmitted in the vacuum gap R 2 b r b R 3 (cf. Eq. (18)) and to that scattered in the exterior region r N R 4 (cf. Eq. (19)) decay algebraically, and hence these fields are strongly suppressed. Conversely, the coefficients pertaining to the field transmitted in the inner spherical region r b R 1 depend on the ratio Δ 3 /Δ 2 , and thus they may be in principle recovered. In particular, unlike the cylindrical case [28] (for which the field recovery was achieved by letting Δ 2 , Δ 3 → 0 while keeping their ratio finite), here we need Δ 2 to go to zero faster than Δ 3 . More specifically, assuming Δ 2~O (Δ 3 q ), we obtain from Eq. (17)
from which it is clear that for q ≤ 1 all the coefficients are asymptotically vanishing, whereas we can recover the orders n N 1/(q − 1) for 1 b q b 2, and all the orders for q ≥ 2. In these last two cases, it should be noted that, although the coefficients grow algebraically as n → ∞, the series in Eq. (11) are still summable in view of the exponentially decaying asymptotic (large-order) behavior of the Riccati-Bessel functions (cf. Eq. (9.3.1) in Ref. [36] ),
To sum up, similar to the cylindrical case (though via a different scaling law of the parameters Δ 2 and Δ 3 ), it is still possible to restore in the inner spherical region r b R 1 a distorted version of the impinging field, while maintaining the vacuum gap R 2 b r b R 3 effectively cloaked, with very weak exterior scattering.
No vacuum gap: perfect field restoration and sensor cloaking
It is also interesting to consider the case in the absence of the vacuum gap (i.e., R 3 = R 2 ). Particularizing the general solution in Eqs. (10) and (11) to the above configuration, and proceedings as in Section 3.2.1, we obtain
From Eq. (22), it is clear that it is now possible to recover, in principle, all the coefficients pertaining to the field transmitted in the inner spherical region r b R 1 by letting Δ 3 , Δ 2 → 0 while keeping their ratio finite. In particular, looking at the actual expression of the coefficients, we obtain for the TM case
with k 1 = ω ffiffiffiffiffiffiffiffiffi ffi ε 1 μ 1 p denoting the ambient wavenumber in the inner spherical region, while the dual TE case can be simply obtained by interchanging the permittivities and permeabilities. Interestingly, the particular choice
which implies that the impinging plane wave can be perfectly restored in the inner spherical region r b R 1 , while maintaining a very weak exterior scattering. Moreover, exploiting Eq. (26), we can actually control the amplitude of the restored field via the ratio ε 1 / ε 0 . This last effect turns out to be peculiar of the spherical scenario, with no counterpart in the cylindrical case [28, 29] . A particularly interesting application of the above configuration is in the framework of "sensor cloaking" [29] [30] [31] [32] , where one is interested in strongly suppressing the visibility (scattering) of a sensor, while maintaining its field-sensing (absorption) capabilities. Such possibility was recently introduced in Ref. [30] , based on the scattering-cancelation approach, and subsequently pursued via alternative approaches based on Fano resonances [31] and TO [29, 32] .
In Ref. [29] , in connection with the cylindrical scenario, we showed that a suitable tailoring of the competing cloak/anti-cloak effects could provide an effective TO-based route to sensor cloaking. For that scenario, we proved analytically (and verified numerically) that the best performance was indeed obtained in the absence of the vacuum gap [29] . Although the generalization of such conclusion to the spherical case of interest here cannot be taken for granted and would be rather involved to address, we will show hereafter (see Section 4) that reasonably good performance can be obtained by considering a configuration featuring a slightly lossy spherical particle (mimicking the sensor loading effects) surrounded by a cloak/anti-cloak configuration with no vacuum gap.
Approximate DPS implementation
As previously highlighted, the constitutive parameters characterizing the anti-cloak are opposite in sign to those possessed by the medium filling the auxiliary-space region to be transformed. Based on this observation, we showed in Ref. [28] that cylindrical anti-cloaking effects may also be obtained via DPS transformation media, by transferring the DNG character to the inner region. This somehow relaxes some of the practical feasibility limitations, since the inner region is homogeneous and characterized by finite-value parameters. Nevertheless, an implementation that avoided the use of any DNG materials would be much more convenient for practical applications. In Ref. [34] , we explored, with promising outcomes, the idea for an approximate anti-cloak implementation based entirely on DPS materials, in connection with a particular class of 2-D transformations similar to those introduced in Ref. [37] to design a square-shaped invisibility cloak. In what follows, we explore such possibility in the spherical scenario of interest.
Our approach is based on the judicious exploitation of the additional parameters ε 2 , μ 2 , R ′ 1 purposely introduced in the model. The basic idea is to enforce the DPS character of the anti-cloak by starting with a DNG material in the auxiliary-space region R 1 b r′ b R 2 ( Fig. 1(a) ), i.e., choosing ε 2 b 0, μ 2 b 0. In view of the decreasing character (i.e.,˙f b0) of the anti-cloak coordinate-transformation (see. Fig. 1(b) ), it is readily understood that the corresponding transformation-medium (cf. Eq. (3)) will be DPS. Moreover, in order to maintain the DPS character of the inner spherical region r b R 1 , we need to keep ε 1 N 0, μ 1 N 0. This inherently implies a parameter mismatch at the interface r = R 1 , which would deteriorate the anti-cloaking function. In order to (at least partially) compensate this mismatch, we purposely render the coordinate transformation discontinuous at that interface, by choosing R′ 1 ≠ R 1 (see Fig. 1(b) ). Accordingly, indicating with k 2 = ω ffiffiffiffiffiffiffiffiffi ffi ε 2 μ 2 p the ambient wavenumber in the auxiliary-space region R 1 b r′ b R 2 , the tangential-field continuity conditions at the interface r = R 1 now yield, for the TM case,
instead of Eq. (14) , while the conditions in Eq. (15) still hold. Again, the dual conditions pertaining to the TE polarization can readily be derived from Eqs. (27) and (28) by interchanging the permittivities and permeabilities. As it will be clear below, instrumental to the anti-cloaking effects is the condition b n (2) = 0, which can be re-enforced in Eq. (28), yieldinġ
In what follows, we assume ε 2 /ε 1 = μ 2 /μ 1 , so that the conditions in Eq. (29) are valid for both TE and TM polarizations. While it is impossible (for ε 2 ≠ ε 1 and μ 2 ≠ μ 1 ) to exactly satisfy the above numerable infinity of transcendental equations, approximate anticloaking effects may still be obtained by enforcing only a limited number of them (e.g., those pertaining to the lowest n orders) by exploiting the available free (though sign-constrained) parameters (e.g., R′ 1 N 0, ε 1 N 0, μ 1 N 0, ε 2 b 0, μ 2 b 0). In order to highlight the key role played by the conditions in Eq. (29) (i.e., b n (2) =0), we consider possible imperfect solutions in the forṁ
with Δ n parameterizing the mismatch. By proceeding as in Section 3.2.2, and expanding via a first-order Taylor expansion the dependence on Δ n , it can be shown that, in the limit as Δ n → 0,
from which the vanishingly small character of the field transmitted in the vacuum gap and the scattered field is evident. For the field transmitted in the inner spherical region, by comparing Eq. (31) with (17), we observe that, for a given order n, similar considerations as for the standard implementation (cf. Eq. (20) and related discussion) hold, provided that Δ n → 0 at least as fast as Δ 2 .
Conversely, for finite values of Δ n , it can be shown that, while Eqs. (18) and (19) still hold, the field transmitted in the inner spherical region can no longer be recovered since the corresponding coefficients now decay algebraically, viz.,
Particularization of the above results to the case of absence of the vacuum gap is rather straightforward. However, unlike the standard implementation in Section 3.2.2, this time it inherently implies imperfect field restoration. To sum up, the proposed DPS anti-cloak implementation allows only a partial recovery of the field in the inner spherical region r b R 1 . In Section 4, we show some representative results, also in connection with sensor cloaking, and quantitatively assess the performance degradations with respect to standard implementations.
Representative numerical results
We now move on to illustrating some representative numerical results, obtained via the generalized Mie series in Eqs. (10) and (11), so as to assess the analytical-based predictions in Section 3, within and beyond the ideal limit Δ 2 , Δ 3 → 0, and also in the more realistic case of lossy materials.
In particular, in all examples presented below, we consider a slight level of losses (loss-tangent = 0.001) in the DPS media, and a higher level (loss-tangent = 0.01) in the DNG media. As shown in our previous 2-D investigations [28, 29] , in the presence of losses, the "optimal" performance is not necessarily obtained in the ideal limit Δ 2 , Δ 3 → 0, and a parameter optimization is generally required. However, comprehensive parametric studies and/or exhaustive parameter optimizations are beyond the scope of the present prototype study, which is instead aimed at illustrating the basic effects and mechanisms. Accordingly, the results below were obtained by tweaking only a limited number of parameters, up to reaching a satisfactory response. This clearly leaves room for further improvements.
We start considering the standard cloak/anti-cloak implementation with the vacuum gap (cf. Section 3.2.1), i.e., the direct generalization of the cylindrical results in Ref. [28] . Fig. 2 illustrates the field-map (real part of the electric field x-component) in the y-z plane, for a plane-wave-excited configuration featuring ε 2 = ε 1 = ε 0 , μ 2 = μ 1 = μ 0 , i.e., a DNG anti-cloak. Similar effects as for the cylindrical case are observed, with a very weak field intensity in the vacuum gap (which is thus effectively cloaked) and very weak exterior scattering, and yet the anti-cloak capability of restoring a cavity-type field in the inner (vacuum) spherical region r b R 1 . As for the cylindrical case [28] , qualitatively similar results (not shown for brevity) were observed for the alternative configuration featuring a DPS anti-cloak with a DNG inner sphere, as well as for an epsilon-negative anti-cloak with a mu-negative inner sphere (and vice versa). Fig. 2 . Representative field-map (real part of electric field x-component in the y-z plane) for the plane-wave-excited configuration in Fig. 1(c) with ε 2 = ε 1 = ε 0 , μ 2 = μ 1 = μ 0 (i.e., DNG anti-cloak), R′ 1 = R 1 = λ 0 /2, R 2 = λ 0 , R 3 = 3λ 0 /2, R 4 = 2λ 0 , Δ 2 = R 2 /20, and Δ 3 = R 3 /100. Here, and henceforth, loss-tangent values of 0.001 and 0.01 are consistently assumed for DPS and DNG media, respectively.
For the same geometrical configuration, Fig. 3 shows the response obtained via an approximate DPS implementation of the anti-cloak (cf. Section 3.3). In this case, we fixed the constitutive parameters ε 2 = − ε 0 , μ 2 = − μ 0 , and limited ourselves to enforcing condition (29) for n = 1 only, by exploiting the remaining parameter R′ 1 . We found that the arising transcendental equation has infinite solutions, and picked the smallest positive one (R′ 1 = 0.732R 1 ). As it can be observed, in spite of the simplifications, the response attained is qualitatively comparable (in terms of cloaking and field restoration capabilities, as well as exterior scattering) with that exhibited by the standard (i.e., DNG anti-cloak) implementation.
Next, we considered the configuration without the vacuum gap (cf. Section 3.2.3), i.e., R 3 = R 2 . As illustrated in Fig. 4 , by enforcing the conditions in Eq. (25), it is now possible to quite faithfully restore in the inner spherical region r b R 1 the planar wavefronts of the impinging field, while still maintaining a very weak exterior scattering. Moreover, via the choice of the constitutive parameters in this region, it is also possible to control the field amplitude (cf. Eq. (26)). In particular, in our example, by choosing ε 2 = 2ε 0 , we obtain a restored field twice as strong as the impinging one.
This naturally brings us to the illustration of the application to sensor cloaking. In this case, we considered a small, lossy inner spherical target of radius R 1 = λ 0 /8 and permittivity ε 1 = (4 + 0.4i)ε 0 , in order to mimic the sensor-loading effects. As in Ref. [29] , we compactly parameterized the overall target "visibility" (to a far-field observer) via its total scattering cross section [38] and its "sensing" (absorption) capabilities via the time-averaged dissipated power
For more direct understanding of the reductions/enhancements attainable, we normalized the above observables with respect to the corresponding reference values Q s (0) and P a (0) exhibited by the target free standing in vacuum, viz.,
With reference to a standard DNG anti-cloak implementation, Fig. 5 illustrates the response attainable, in terms of the above normalized observables, as a function of the parameters Δ 2 and Δ 3 . Both observables turn out to exhibit broad dynamic ranges, which span from strong scattering/absorption reductions (with respect to the reference responses in vacuum) to values higher than those in vacuum; such super-scattering/absorption behaviors are typical of complementary media [39] [40] [41] . Qualitatively similar results, though with more compressed dynamic ranges, are observed in the case of DPS (approximate) anti-cloak implementation, illustrated in Fig. 6 . As discussed in Ref. [29] , a meaningful way of quantitatively assessing the sensor-cloaking performance is via a tradeoff curve which, Fig. 6 . As in Fig. 5 , but for an approximate DPS implementation of the anti-cloak, with ε 2 = − 4ε 0 , μ 2 = − μ 0 , and R′ 1 = 0.56R 1 . for a given value of the scattering response yields the strongest absorption response achievable. Fig. 7 compares such tradeoff curves (extracted from Figs. 5 and 6) for the DNG and DPS anti-cloak cases. As for the cylindrical case [29] , we note that, varying Δ 2 and Δ 3 , it is possible to span the entire range of cloak/anti-cloak interactions, going from a cloak-prevailing regime (with weak scattering/ absorption) to an anti-cloak-prevailing one (with scattering and absorption comparable with or even higher than those in vacuum), and passing through an intermediate regime featuring relevant scattering reductions accompanied by sensible absorption levels.
As expectable, it can be observed that the DNG anti-cloak implementation consistently outperforms the approximate DPS one. For instance, assuming a targeted scattering reduction of −15 dB, the DNG anti-cloak implementation actually provides a superabsorption of 7.7 dB. The corresponding near-field response is shown in Fig. 8 , from which it can be observed the very weak exterior scattering, and yet the power-coupling capabilities (as a reference, the response of the target alone free standing in vacuum is shown in Fig. 9 ). Nevertheless, for the same targeted scattering reduction, the approximate DPS configuration still provides an acceptable response (with an absorption only 1 dB below that of the free-standing target, and the corresponding near-field map shown in Fig. 10 ), whose deterioration with respect to the DNG case is fairly counterbalanced by a significantly simpler implementation.
In order to better understand the somehow counterintuitive behavior outlined above, it is insightful to look at the analytical structure of the total absorption cross-section [38]
which is representative of the target absorption only in the ideal case of lossless cloak and anti-cloak. By comparison with the total scattering cross-section in Eq. (35) , one notes that Q a asymptotically vanishes in the limit of zero scattering (i.e., a n, TE, TM
→ 0). Nevertheless, its vanishing trend may be moderately slower than that of Q s , in view of the presence of the linear terms in Eq. (38) . In other words, if zero scattering requires zero absorption, the ratio of absorption over scattering cross-sections may be unbounded [30] . This explains the possibility of achieving, outside the asymptotic regime, significant scattering reductions (with respect to the reference free-standing target) while maintaining sensible absorption levels. As in Ref. [29] , also shown in Fig. 6 , as a reference, is the tradeoff curve pertaining to an imperfect cloak alone (i.e., without the anti-cloak) characterized by a standard (linear) transformation 
and same total thickness (R 4 − R 1 ) as the above cloak/anti-cloak configurations. In this case, the curve is obtained by simply scanning the only parameter (Δ 1 ) available. As it can be observed, although the general trend looks similar to the above cases, the performance is considerably poorer, and allows a sensible scattering reduction (e.g., −15 dB) only at the expense of a severe curtail (− 12 dB reduction in the absorption) of the sensing capabilities. As for the cylindrical case [29] , this illustrates the important role played by the anti-cloak in the sensor cloaking mechanism. Fig. 10 . As in Fig. 8 , but for approximate DPS implementation of the anti-cloak, with Δ 2 = 0.158R 2 and Δ 3 = 0.0315R 3 , featuring Q s = −15dB and Pa = −1dB. Fig. 9 . As in Fig. 8 , but for the target free standing in vacuum.
Concluding remarks and hints for future research
In this paper, we have presented an analytical full-wave study of cloak/anti-cloak interactions in a 3-D spherical scenario, which extends some of our previous results obtained in the 2-D cylindrical case [28, 29] . Our study, based on a generalized Mie-series approach, has confirmed for the more realistic 3-D scenario the intriguing field effects observed in the 2-D case, and has illustrated some new possibilities. In particular, we have shown the possibility of effectively cloaking an annular spherical region separating the cloak and the anti-cloak, while still being able to restore in an inner region a distorted version of the impinging field. Moreover, with the cloak and anti-cloak directly contiguous, we have shown the possibility of "perfectly" restoring the impinging field (controlling its amplitude), while maintaining a very weak exterior scattering, and its possible application to the sensor cloaking scenario. Finally, we have focused on the possibility of implementing approximate anti-cloaking effects via the use of DPS media only.
Our results constitute a further step towards the understating of cloak/anti-cloak interactions, and their fruitful exploitation in TO-based devices. In particular, the perspective of avoiding the use of DNG media looks very promising from the practical implementation viewpoint.
In this framework, current and future studies are aimed at exploring further parameter simplifications/reductions, based, e.g., on spatially-invariant [42] or non-magnetic [43, 44] material parameters. Also of interest is a comparative study of the sensorcloaking performance, against the alternative approaches [30] [31] [32] . In this framework, it is worth stressing, once again, that in this prototype study no particular effort was made to exhaustively optimize the parametric configurations pertaining to the application examples illustrated, and therefore we believe that significant room exists for further performance improvement.
